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In this paper we estimate fractal dimensions of almost periodic trajectories for a
semilinear parabolic partial differential equation: ut&d(t) 2u+g(t) u % f (t),
where we assume periodicity: d(t+:1)=d(t), g(t+:2)=g(t) for irrational numbers
:1 , :2 , which are linearly independent over the rationals, and f (t+1)=f (t). By
using simultaneous Diophantine approximation, we can show that the dimension of
the almost periodic attractor is majorized by 1#1+2#2 , where #1 is the minimum
number of the exponents of Ho lder’s conditions on the periodic functions and #2 is
the secondary minimum.  1997 Academic Press
1. INTRODUCTION
Let 0 be a bounded domain in RN with its smooth bondary 0 and let
Hm(0), H m0 (0) be the usual Sobolev spaces. We consider the following
initial value problem
{
u
t
&d(t) 2u+g(t) u % f (t) in 0_(s, +)
(1.1)u(t, x)=0, x # 0, ts
u(s, x)=.(x), x # 0.
where we assume the periodicity of the diffusion coefficient d(t), the non-
linear monotone operator (possibly multi-valued) g(t)/R_R and the per-
turbation term f (t):
d(t+:1)=d(t), g(t+:2)=g(t), f (t+1)=f (t), t # R
for irrational numbers :1 , :2 : 0<:1 , :2<1, which are linearly independent
over the rationals. The existence of the complete trajectories, which can be
considered as almost periodic attractors of (1.1), have been proved by
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several authors for the case where the multi-valued mappings are used to
solve the problems with nonlinear discontinuities. (See [7], [9], [10],
[11] and Remark 2 in Section 3.) The purpose of this paper is to estimate
the fractal dimensions of these almost periodic trajectories by applying the
method in our previous paper [15].
Several results for the equation with the periodically effective diffusion
term have been obtained as a model of population dynamics which has
seasonal fluctuations in the diffusion rates (cf. [5]). In recent years great
efforts have been made to analyze complexity or chaotic behaviors in the
study of population dynamics or reaction-diffusion models. Calculating the
dimensions of the attractors is to measure their level of complexity (cf.
[20]). On the other hand, it is well known (cf. [18]) that periodic or
almost periodic states occupy the important positions as main gateways in
various routes to chaos. In the present paper, assuming that each periodic
function is Ho lder continuous with its exponent, less than one, we estimate
the dimension of the almost periodic attractor in (1.1) by using these
exponents. By applying simultaneous Diophantine approximation we can
show that the fractal dimension of the complete trajectory is majorized by
1#1+2#2 , where #1 is the minimum number of these exponents and #2 is
the secondary minimum.
Our plan of this paper is as follows: In this section afterwards we prepare
some definitions and our previous results. In Section 2 we formulate an
abstract evolution equation and we give sufficient conditions for the unique
existence of the complete trajectory which is an almost periodic and global
attractor. Then we estimate the dimensions of the complete trajectories for
the abstract evolution equation in 3-frequency quasiperiodic case by using
simultaneous Diophantine approximation. In section 3 we investigate the
semilinear partial differential equation (inclusion) by applying the results
in Section 2. In Section 4 we generalize the results in Section 2 to the
n-frequency quasiperiodic case.
Now we prepare some definitions and introduce our previous result
([15]) on the fractal dimensions of almost periodic trajectories.
Definitions. Let X be a Banach space and consider a continuous
function u(t) : R  X, then the function u(t) is called almost periodic if for
each =>0 there exists l=>0 such that for every a # R there exists a point
p # [a, a+l=] with the property
|u(t+p)&u(t)|= for all t # R. (1.2)
Here the point p is called an =-almost period and l= is called an inclusion
length for =-almost period (cf. [1]).
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Let 7 be a subset of X and let N=(7 ), =>0, denote the minimum number
of balls of X with radius = which is necessary to cover a subset 7 of X. The
fractal dimension of 7, which is also called the capacity of 7, is the number
DF (7 )=lim sup
=  0
log N=(7 )
log 1=
.
The dimension DF(7 ) can be given by the following alternative expression
DF (7 )=inf[d>0: +d (7)=0],
where
+d (7 )=lim sup
=  0
=dN=(7 ).
Theorem A. ([15]) Let u(t) : R  X be an almost periodic function,
which satisfies a Ho lder condition in the following sense. There exist a small
constant =0>0 and a exponent $ : 0<$1 such that u(t) satisfies
sup
t{s, |t&s|=0
|u(t)&u(s)|
|t&s|$
<+.
Assume that the inclusion length for =-almost period of the function u(t)
satisfies
l=K=& (1.3)
for some K>0 and >0. Then the fractal dimension of its orbit
7 :=t # R u(t) satisfies
DF (7 )+
1
$
.
2. ABSTRACT FORMULATION
Hereafter in this paper, let X be a Hilbert space with its norm and the
inner product denoted by | } |, ( } , } ), respectively and consider a reflexive
Banach space V and its dual V* with their norms and the dual pair
denoted by & }&, & }&
*
, ( } , } ) , respectively. Assume that
V/X/V*,
where V is densely and continuously embedded in X and the inclusion
mapping i of V into X has the operator norm &i&=’.
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In view of (1.1) we consider an operator A(t) which has the form
A(t) u=A0(t) u+G(t) u& f (t)
for a single valued maximal monotone operator A0(t) from V to V*, a
multi-valued maximal monotone operator G(t) on X and a perturbation
term f (t) : R  X. We assume the periodicity
A0(t+:1)=A0(t), G(t+:2)=G(t), f (t+1)= f (t) (2.1)
for every t # R where :1 , :2 are irrational real numbers: 0<:1 , :2<1,
which are linearly independent over the rationals. For simplicity we assume
that the domain of G(t) is time-independent and put
D :=D(G(t))/V, t # R.
To study (1.1), we can consider an abstract evolution equation on X.
du
dt
+A(t) u % 0, s<t,
(2.2)
u(s)=x.
We assume that the domain of the nonlinear multivalued operator A(t) on
X is time-independent:
(A1) D(A(t))=D/V, t # R. For each t # R, A(t) is a maximal
monotone operator on X (cf. [12]):
(A2) There exits a constant |>0 such that
(A(t) u&A(t) v, u&v)| &u&v&2, u, v # D.
(A3) R(I+*A(t))=X, t # R, *>0, where R( } ) denotes the range of
the operator.
Since the Ho lder continuity is essential to determine the dimensions of
trajectories, we need the following condition on the resolvent J*(t) :=
(I+*A(t))&1, *>0:
(J) There exist a small constant =0>0, an exponent 0<$1 and a
monotone increasing function l : R+  R+ such that the resolvent satisfies
|J*(t) x&J*({) x|*l( |x| ) |t&{|$
for t, { # R : |t&{|=0 , x # X.
The conditions above are sufficient to construct the associated two-
parameter family of operators U(s, {) : X  X, (s, {) # R_R+, which
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satisfies the following properties from (u-i) to (u-v) (cf. Theorem 3.2,
Proposition 2.1 in [8]):
(u-i) U(s, 0)=I (the identity operator), s # R
(u-ii) U(s, _+{)=U(s+{, _) U(s, {), s # R, _, { # R+.
(u-iii) For any fixed { # R+, the one-parameter family of maps
U(s, {) : X  X with the parameters s # R is equicontinuous.
A two-parameter family of the operators on X, which satisfies (u-i), (u-ii)
and (u-iii), is called a process or an evolutionary operator (cf. [8] or [9]).
(u-iv) There exists a monotone increasing function k : R+  R+
which satisfies
|U(s, {) x&U(s, _) x|k( |x| ) |{&_|$, {, _ # R : |{&_|=0 .
(u-v) Given s # R, x # X, define a locally Ho lder continuous function
u : [s, +)  X by
u(s+_)=U(s, _) u(s), u(s)=x
and let y0 # A(s) x0 and y(t) # A(t) x0 , ts, such that y(s)=y0 and y(t) is
continuous, then u(t) satisfies
|
_
0
( y(s+{)&|(x0&u(s+{)), x0&u(s+{)) d{
 12 (|x0&u(s+_)|
2&|x0&u(s)| 2)
(u(s)&u(s+_), x0&u(s)), (2.3)
where we use (A2) and (2.2) in the first inequality and the second
inequality is obvious.
Here we introduce some definitions of trajectories associated with the
process U(s, {).
Definitions. The positive trajectory through (s, x) # R_X is the
map U(s, } ) x : R+  X. A complete trajectory through (s, x) is a function
u( } ) : R  X such that u(s)=x and u(t+{)=U(t, {) u(t) for all (t, {) #
R_R+.
Define the _-translate U_ by U_(s, {)=U(s+_, {), then a process U on
X is called almost periodic if for any sequence [_n] of R, there exists a sub-
sequence [_$n] of [_n] such that the sequence [U_$n(s, {) x] converges to
some V(s, {) x in X uniformly in s # R and pointwise ({, x) # R+_X.
Since (A2) yields relative compactness of each positive trajectory (for
instance, see the proof of Lemma 5.3 in [9]) and the process U(s, {) is
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strictly contractive (cf. Theorem 2.1 in [8]), it is known that, if the process
is almost periodic, there exists a unique complete trajectory, which is
almost periodic and stable in the sense that every positive trajectory
asymptotically converges to this complete trajectory. (See [9], [11] or
[14].) Our purpose is to estimate the dimensions of the complete trajectory.
Note that for each s # R, x # X, u(t) in (u-v), which is called an integral
solution, is weakly differentiable (cf. [3]). Then, dividing (2.3) by _, taking
the limit _ a 0, we have
( y0&|(x0&u(s)), x0&u(s)) &(u$, x0&u(s))
for every [x0 , y0] # A(s) where u$ is the weak derivative of u(t) at t=s.
Thus the maximal monotonicity yields &u$(s) # A(s) u(s).
In view of (J), we assume local Ho lder continuity on A0(t), G(t) and f (t)
with exponents $1 , $2 , $3 : 0<$1 , $2 , $31, respectively. Let =0>0 be a
sufficiently small constant.
(A4-i) There exists a monotone increasing function L1 : R+  R+
such that
&A0(t) u&A0({) u&*L1(&u&)|t&{|
$1, t, { # R : |t&{|=0 , u # V.
(A4-ii) There exists a monotone increasing function L2 : R+  R+
such that, if t, { # R : |t&{|=0 , x # D and y # G({) x, then there exists
w # G(t) x which satisfies
|w&y|L2( |x| ) |t&{|$2.
(A4-iii) There exists a positive constant L3 such that
| f (t)&f ({)|L3 |t&{| $3, t, { # R : |t&{|=0 .
(A5) A0(t) 0=0, G(t) 0 % 0 for every t # R.
Under the above conditions we can show the local Ho lder continuity of
the resolvents.
Lemma 1. Assume from (A1) to (A5). Then (J) holds in the following
sense. For x # X and for the constant #1=min[$1 , $2 , $3], the estimate
|J*(t) x&J*({) x|*l( |x| ) |t&{| #1, t, { # R : |t&{|=0
holds where J*(t) x=(I+*A(t))&1x.
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Proof. Let z # X and consider the following equalities
{u1(t)+*A0(t) u1(t)+*v1(t)&*f (t)=zu2({)+*A0({) u2({)+*v2({)&*f ({)=z, (2.4)
where v1(t) # G(t) u1(t), v2({) # G({) u2({), u1(t), u2({) # D/V, t, { # R.
Forming the difference of these equalities and taking the inner product with
u1&u2 , we have
|u1(t)&u2({)| 2+*(A0(t) u1(t)&A0({) u2({), u1&u2)+*(v1(t)&v2({), u1&u2)
=*( f (t)& f ({), u1&u2). (2.5)
In view of (A4-ii), let w : R  X satisfy
w(t) # G(t) u2({), |w(t)&v2({)|L2( |u2({)| ) |t&{|$2. (2.6)
Since A(t) satisfies (A1)(A3), it follows from (2.5) that
|u1(t)&u2({)| 2+|*&u1(t)&u2({)&2
&*(A0(t) u2({)&A0({) u2({), u1(t)&u2({))
&*(w(t)&v2({), u1(t)&u2({))+*( f (t)& f ({), u1(t)&u2({)).
Thus (2.6) and (A4-i, iii) give
|
’
|u1(t)&u2({)|| &u1(t)&u2({)&
L1(&u2({)&) |t&{|$1+L2( |u2({)| ) |t&{|$2+L3 |t&{| $3.
We can complete the proof by showing the boundedness of [ |u2({)|] and
[&u2({)&]. In fact, taking the inner product with u2({) in the second
equation of (2.4), we have
|u2({)| 2+*| &u2({)&2|z+*f ({)| |u2({)|. (2.7)
Thus, since f (t) is uniformly bounded, we can show that that [&u2({)&],
[ |u2({)|] are bounded. K
To estimate the dimension of the orbit 7 of the complete trajectory u(t)
we use simultaneous Diophantine approximations (cf. [19]):
Suppose that at least one of w1 , w2 , ..., wn is irrational. Then there are
infinitely many n-tuples of rational numbers
p1
q
, ...,
pn
q
: }wi& piq }<
1
q1+1n
(i=1, ..., n). (2.8)
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For the irrational numbers w1=1:1 , w2=1:2 , the simultaneous approx-
imations (2.8)(case n=2) give the sequences mi , ni , ri # N, i=1, 2, ..., which
satisfy
}w1& nimi }<
1
m32i
, }w2& rimi }<
1
m32i
.
It follows that
|ni :1&mi|<
:1
m12i
<
1
m12i
, (2.9)
|ri :2&mi |<
:2
m12i
<
1
m12i
(2.10)
and we have
|(ni :1+ri :2)&2mi |<
2
m12i
,
(2.11)
|ni :1&ri :2 |<
2
m12i
.
Theorem 1. Under the assumptions (A1)(A5), assume that there exist
constants K1 , K2>0
K1mj&1<mj<K2mj&1 for j=1, 2, ... (2.12)
and the unique almost periodic complete trajectory u(t) of system (2.2)
satisfies
sup
t # R
&u(t)&<. (2.13)
Then
(i) |u(t)&u({)|c1 |t&{| #1, t, { # R : |t&{|=0 for some c1>0 and
#1=min[$1 , $2 , $3],
(ii) its inclusion length for =-almost period satisfies
l=c2=&2#2 (2.14)
for some c2>0 and #2 : the secondary minimum of [$1 , $2 , $3].
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Consequently, the fractal dimension of the global attractor 7=t # R u(t)
satisfies
DF (7 )
1
#1
+
2
#2
.
Proof. Since it follows from Lemma 1 that (u-iv) holds, the bounded-
ness of the trajectory u(t) yields (i). Thus it is sufficient to show (ii). Let
(t, _) # R_R+, then we have
\du(t+_)dt &
du
dt
, u(t+_)&u(t)+=&( y(t+_)&y(t), u(t+_)&u(t))
+( f (t+_)&f (t), u(t+_)&u(t)),
y(t+_) # A(t+_) u(t+_), y(t) # A(t) u(t),
where we put A(t) :=A0(t)+G(t). From (A4-i), (A4-ii) there exists
w # A(t+_) u(t) which satisfies
|w&y(t)|L1(&u(t)&) _$1+L2( |u(t)| ) _$2.
Hereafter in the proof, to clarify the argument, we use the notation
A(t+_) u(t), A(t) u(t) instead of w, y(t), respectively. Applying (A2), we
have
1
2
d
dt
|u(t+_)&u(t)| 2+| &u(t+_)&u(t)&2
&A(t+_) u(t)&A(t) u(t)&
*
&u(t+_)&u(t)&
+| f (t+_)& f (t)| &u(t+_)&u(t)&.
Put }1=supt # R &A(t+_) u(t)&A(t) u(t)&* and }2=supt # R | f (t+_)&f (t)|, then it follows from Lemma 2, given later, that we have
sup
t # R
|u(t+_)&u(t)|
’
|
(}1+}2). (2.15)
Thus, for a small =>0, we can admit the constant _ as an =-almost period
of u(t) if the estimate
&A(t+_) u(t)&A(t) u(t)&
*
+| f (t+_)& f (t)|
|=
’
holds for every t # R. Now we can use the method in our previous paper
[15].
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By proving the following three inequalities:
l=K=&2min[$i , $j ], i, j # [1, 2, 3] : i{j
we can prove (ii).
First we prove the case i=1, j=2. For a sufficiently large k, define a
small constant
=k :=
’K$
|
m&$2k+1 ,
where $=min[$1 , $2] and
K$=
L1(c$) K $12 +L2(c) K
$2
2
1&K &$21
.
Here, considering Hypothesis (2.13) and the almost periodicity of u(t), we
put
c=sup
t # R
|u(t)|, c$=sup
t # R
&u(t)&.
Our main subject of the proof is to show that we can take l=k=mk+1 .
Then (2.14) holds for ===k and, by defining
l= l=k for =k+1<==k ,
we can obtain
l= l=k=K=
&2$
k K=
&2$.
Thus, it suffices to find an =-almost period in every interval [a&mk+1 , a],
a # R.
First we consider the case amk+1. Hereafter in the proof, to simplify
the terminology, we reset the indices and the notation as follows:
=k  =, mk+j  mj , nk+j  nj and so on.
Fix the number i1:
mia<mi+1 (which means mk+ia<mk+i+1).
By Hypothesis (2.12) we can find a sequence of integers [kj], 1 ji :
0kjK2 for 1ji&1, 1kiK2
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with the following property
ki mia<(ki+1) mi
ki&1 mi&1+ki mia<(ki&1+1) mi&1+ki mi ,
b b b
k1m1+ } } } +ki mia<(k1+1) m1+k2m2+ } } } +kimi .
Put m(i) :=k1m1+ } } } +kimi , then, using the periodicity (2.1) and
applying Ho lder continuity and Diophantine approximation (2.9), (2.10),
we obtain the following sequence of estimates.
&A(t+m(i)) u(t)&A(t) u(t)&
*
+| f (t+m(i))& f (t)|
="{A0(t+m(i)) u(t)&A0 \t+:1 :j njkj+ u(t)=
+{G(t+m(i)) u(t)&G \t+:2 :j rj kj+ u(t)="*
L1(&u(t)&) :
j
|:1 nj&mj | $1 k$1j +L2( |u(t)| ) :
j
|:2rj&mj |$2 k$2j
(L1(c$) K $12 +L2(c) K
$2
2 ) :
i
j=1 \
1
mj+
$2

L1(c$) K $12 +L2(c) K
$2
2
1&K &$21 \
1
m1+
$2
=
=|
’
for every t # R where we also use an elementary inequality (x+y)$
x$+y$, x, y0, 0<$1.
It follows that
sup
t # R
|u(t+m(i))&u(t)|=.
Thus we can admit m(i) as an =-almost period in the interval [a&m1 , a],
am1 . Therefore, we can find the =-almost period m(i) in any interval
[a, a+m1], a0. For the interval [a&m1 , a], a<0 we can take the
element &m(i) and for the interval [a, a+m1], &m1<a<0, it contains
the null point as an =-almost period. Hence we have
l=&m1(=mk+1)K=&2$
for some constant K>0.
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Next we consider the case i=2, j=3 or i=1, j=3. Put
s1(i)= :
i
j=1
kj nj :1 , s2(i)= :
i
j=1
kj rj :2 .
Since we have
&A(t+s1(i)) u(t)&A(t) u(t)&*+| f (t+s1(i))& f (t)|
&G(t+s1(i)) u(t)&G(t+s2(i)) u(t)&*
+| f (t+s1(i)) u(t)& f (t+m(i)) u(t)|,
and
&A(t+s2(i)) u(t)&A(t) u(t)&*+| f (t+s2(i))& f (t)|
=&A0(t+s2(i)) u(t)&A0(t+s1(i)) u(t)&*
+| f (t+s2(i)) u(t)& f (t+m(i)) u(t)|,
using (2.9)(2.11) and applying the argument in the previous case, we
obtain
l=K=&2min[$2, $3], l=K=&2min[$1, $3].
Hence, applying Theorem A, we obtain the conclusion. K
In the proof we use the following Lemma. (See [13] for its proof.)
Lemma 2. Given _ # R+, the estimate
1
2
d
dt
|u(t+_)&u(t)| 2+| &u(t+_)&u(t)&2
(}1+}2) &u(t+_)&u(t)& (2.16)
for every t # R yields
|u(t+_)&u(t)|
’
|
(}1+}2)
for every t # R.
Remark 1. For a single irrational number :, : is badly approximable if
and only if the partial quotients in the continued fraction expansion of :
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are bounded (cf. [19]). In the simultaneous case we can show that, if
[w1 , w2] is badly approximable, the growth rate of the denominators mj
satisifes (2.12). For instance, for a prime number p, let w1=p13, w2=p23,
that is, :1=p&13, :2=p&23, then [w1 , w2] is badly approximable. (See
Lemma 5 and Remarks in Section 4 for details.)
3. SEMILINEAR PARABOLIC EQUATIONS
In this section we investigate the semilinear parabolic equation (1.1) and
we estimate the fractal dimensions of the complete trajectory, which is
an almost periodic and global attractor, by applying the results in the
preceding sections.
Let g(t)/R_R be a maximal monotone set in R_R for each t # R.
Assume the following conditions.
(g-i) The domain of g is independent of t, D(g(t))=Dg .
(g-ii) 0 # g(t) 0.
(g-iii) There exist a constant k1>0 and a constant $2 , 0<$21,
such that, if t, { # R : |t&{|=0 , x # Dg and y # g(t) x, then there exists an
element w # g({) x:
| y&w|k1(1+|x| ) |t&{| $2.
(g-iv) There exists a constant k0>0 such that
sup[ | y| : y # g(t) u, t # R]k0(1+|u| ).
Put X :=L2(0), V :=H 10(0) and V* :=H
&1(0), then, applying routine
methods in the theory of maximal monotone operators (cf. Proposition 2.7
in Chapter 2 of [2]), we can define a maximal monotone operator g (t)/
X_X by
g (t)=[[u, v]: u, v # X and v(x) # g(t) u(x) a.e.].
(See [16], [17] for further details.)
Next we consider the conditions on d : R  R+.
(d-i) There exists a constant d0>0:
d(t)d0>0, for every t # R;
(d-ii) There exist constants d1>0 and 0<$11 such that
|d(t)&d({)|d1 |t&{|$1, t, { # R : |t&{|=0 .
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Lemma 3. Under the assumptions above, the weak solution u(t) of (1.1)
satisfies
sup
t # R
&u(t)&<.
Proof. Since the almost periodic solution u(t) is bounded in X, taking
the inner products with u(t) in (1.1) and applying a standard estimation
give
sup
t # R
|
t+1
t
&u(_)&2 d_<+. (3.1)
On the other hand, multiplying (1.1) by ut and integrating over 0, we
have
}ut }
2
+
1
2
d
dt
&u&2=\&y(t)+ f (t), ut+ ,
where
y(t) # g (t) u(t).
Thus, considering the boundedness u(t), f (t) in X and (g-iv), we have
d
dt
&u(t)&2C
for some constant C>0. It follows that
&u(t)&2&&u(s)&2C(t&s), t, s # R : t>s (3.2)
and hence we have
&u(t)&2C |
t
t&1
(t&s) ds+|
t
t&1
&u(s)&2 ds
=
C
2
+|
t
t&1
&u(s)&2 ds.
The above estimate and (3.1) give the conclusion. K
Define the operator A0(t) on X by
A0(t) u=&d(t) 2u, D(A0(t))=H2(0) & H 10(0),
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then, the operator A0(t) satisfies (A4-i). Furthermore we can show that the
maximal monotone operator A(t) on X defined by
A(t) u=A0(t) u+g (t) u& f (t),
u # D(A(t)) :=D=H2(0) & H 10(0) & D(g )
satisfies the conditions from (A1) to (A5).
As in Section 2 we assume the periodicity as follows. Let :1 , :2 : 0<:1 ,
:2<1 be irrational real and linearly independent over the rationals and let
the simultaneous approximations (2.9)(2.11) hold. Assume
d(t+:1)=d(t), g(t+:2)=g(t), f (t+1)= f (t), t # R.
Under the assumptions above, considering the remarks for the abstract
evolution equation (2.2), we can show that (1.1) admits a unique weak
solution u : [s, +)  X (cf. [3] or [4]), which satisfies (2.3) and, which
is locally Ho lder continuous with its exponent #1=min[$1 , $2 , $3] and
converges to a unique (almost periodic) complete trajectory (cf. [9], [11]).
By applying Theorem 1 we can estimate the inclusion length for =-almost
period of the complete trajectory:
l=K=&2#2,
where #2 is the secondary minimum; #2=min[[$1 , $2 , $3]"[#1]]. Finally
we obtain
Theorem 2. Under the conditions from (g-i) to (g-iv), (d-i) and (d-ii),
assume that there exist constants K1 , K2>0:
K1mj&1<mj<K2mj&1 for j=1, 2, ... . (3.3)
Then the fractal dimension of the global attractor 7 :=t # R u(t) satisfies
D(7 )
1
#1
+
2
#2
.
Remark 2. Here we give a simple example of g(t)/R_R satifying our
assumptions.
[&.(t), .(t)] if x=0
g(t) x={.(t)(x+1) if x>0.(t)(x&1) if x<0,
where .(t) : R  R+ is Ho lder continuous with its exponent $2: 0<$2<1
and uniformly bounded: supt # R .(t)<+.
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4. n-FREQUENCY QUASIPERIODIC CASE
In this section we generalize the results in the previous sections to the
n-frequency quasiperiodic case. Our purpose is to estimate the fractal
dimension of the complete trajectory u(t) of evolutionary system (2.2) by
calculating the inclusion length for =-almost period of the complete trajec-
tory. As in Section 2, we consider the operator
A(t) u=A0(t)+G(t)& f (t),
where A0(t) satisfies the condition (A4-i) in Section 2 and the operator
G(t), which is (n&2)-frequency quasiperiodic, is defined as follows.
Consider the nonlinear mapping B : Rn&2_X  2X:
B(t1+1, t2 , t3 , ..., tn&2, u)=B(t1 , t2+1, t3 , ..., tn&2 , u)
= } } } =B(t1 , t2 , t3 , ..., tn&2+1, u)
=B(t1 , t2 , t3 , ..., tn&2 , u),
for every ti # R, i=1, ..., n&2, and every u # DB/X, assuming that DB the
domain of B in X with respect to the [n&1]-th variable is not dependent
on the other variables. Then, for a given [n&1]-tuple of irrational num-
bers w1 , w2 , ..., wn&1 , which are rationally independent and greater than 1,
we define the quasiperiodic operator G(t) : X  2X by
G(t) u=B(w2t, w3 t, ..., wn&1 t, u)
and put
A(t) u :=A0(t) u+G(t) u& f (t),
where A0(t) is :1 -periodic, :1 :=1w1 , and f : R  X is 1-periodic and D :=
D(A(t))=D(A0(t)) & DB .
It follows from the simultaneous approximation (2.8) (case n :=n&1)
that there exist sequences mi , rk, i # N, i=1, 2, ..., and k=1, ..., n&1, which
satisfy
}wk&rk, imi }<
1
m1+1(n&1)i
, k=1, ..., n&1. (4.1)
Let :k=1wk<1, then we have
|:krk, i&mi|<\ 1mi+
1(n&1)
, k=1, ..., n&1, (4.2)
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and it follows that
|:k rk, i&:k$ rk$, i|<2 \ 1mi+
1(n&1)
, k, k$=1, ..., n&1, (4.3)
Assume the preceding conditions (A1)(A3), (A4-i), (A5) on the
operator A(t) and the following Ho lder conditions:
(A4-ii’) There exist constants 0<$i1, i=2, ..., n&1, and a mono-
tone increasing function M : R+  R+ such that, for {i , {$i # R : |{i&{i$ |=0 ,
i = 2, ..., n&1, u # D, y # B({2 , {3 , {4 , ..., {n&1 , u), there exists w #
B({$2 , {$3 , {$4 , ..., {$n&1 , u), which satisfies
| y&w|M( |u| ) :
n&1
i=2
|{i&{i$ |$i.
(A4-iii’) There exist L>0 and 0<$n1 such that
| f (t)& f (t$)|L |t&t$|$n, t, t$ # R : |t&t$|=0 .
Hereafter in the present section, to clarify our argument, we use the
notations
B(w2 t, ..., wn&1 t, u), B(w2 t$, ..., wn&1 t$, u),
instead of y, w, respectively, where y, w are the elements in (A4-ii’) for
{2=w2 t, {3=w3t..., {$2=w2 t$, {$3=w3t$, ..., and we also use A(t) u as
A0(t) u+y in the same manner. Thus we can describe the Ho lder condi-
tions as follows.
|B(w2 t, w3 t, ..., wn&1 t, u)&B(w2 t$, w3 t$, ..., wn&1t$, u)|
M( |u| ) :
n&1
i=2
w$ii |t&t$|
$i, (4.4)
and
&A(t) u&A(t$) u&
*
L1(&u&) |t&t$| $1+M( |u| ) :
n&1
i=2
w$ii |t&t$|
$i. (4.5)
Under the conditions above we can show Ho lder continuity of the
resolvent J*(t) by applying the same argument as that in the proof of
Lemma 1.
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Lemma 4. Assume (A1)(A3), (A4-i, ii’, iii’) and (A5). Then the resolvent
J*(t)=(I+*A(t))&1 is locally Ho lder continuous in the same sense as that
in Lemma 1 for the exponent #1=min[$1 , ..., $n].
Now we can estimate the fractal dimension of the complete trajectory by
using the constants #1 and the secondary minimum number #2 :=
min[[$1 , ..., $n]"[#1]].
Theorem 3. Under the assumptions (A1), (A2), (A3), (A4-i, ii’, iii’),
(A5), assume that there exist constants K1 , K2>1 such that
K1mj&1<mj<K2mj&1 for j=1, 2, ... (4.6)
and assume that the almost periodic and complete trajectory u(t) of system
(2.2) satisfies
sup
t # R
&u(t)&<.
Then the inclusion length of the complete trajectory u(t) for =-almost period
satisfies
l=K$=&(n&1)#2 (4.7)
for some constant K$>0 and consequently, for the orbit 7 of u(t) we can
estimate
DF (7 )
1
#1
+
n&1
#2
. (4.8)
Proof. For (4.7) it is sufficient to show the inequalities
l=K$=&(n&1)&i, i=1, ..., n, (4.9)
where &i=min[$1 , ..., $i&1 , $i+1 , ..., $n], since #2=max[&1 , &2 , ..., &n].
First we consider the case $ :=&n=min[$1 , ..., $n&1]. For a sufficiently
large i0 , define a small constant
= :=
’K$
|
} m&$(n&1)i0+1 ,
where
K$=
M(c) n&1k=2 (K2wk)
$k+L1(c$) K $12
1&K&$(n&1)1
. (4.10)
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We also simplify the notations as in the proof of Theorem 1, such as
m(i)=ij=1 mj kj :=
i
j=1 mi0+j kj . We can prove that l=&m1( :=mi0+1)
holds. In fact, using (4.2) and (A4) in view of the proof in Theorem 1, we
have
&A(t+m(i)) u(t)&A(t) u(t)&
*
+| f (t+m(i))& f (t)|
"A0(t+m(i)) u(t)&A0(t+:1 :j r1, j kj) u(t)"*
+ }B(w2 t+w2m(i), w3 t+w3m(i), ..., u(t))
&B \w2 t+w2:2 :j r2, jkj , w3 t+w3:3 :j r3, jkj , ..., u(t)+}
L1(&u(t)&) :
j
|:1r1, j&mj |$1 k$1j +M( |u(t)| ) w
$2
2 :
j
|:2 r2, j&mj | $2 k$2j
+M( |u(t)| ) w$33 :
j
|:3r3, j&mj | $3 k$3j + } } }
{L1(c$) K $12 +M(c) :
n&1
k=2
(wkK2)$k= :
i
j=1 \
1
mj+
$(n&1)

L1(c$) K $12 +M(c) 
n&1
k=2 (wk K2)
$k
1&K&$(n&1)1 \
1
m1+
$(n&1)
=
=|
’
for every t # R.
For the other cases: $ :=&k , k{1, n, put sk(i)=:k ij=1 rk, jkj . Then,
using (4.3) and (A4), we have
&A(t+sk(i)) u(t)&A(t) u(t)&*+| f (t+sk(i))& f (t)|
"A0(t+sk(i)) u(t)&A0 \t+:1 :j r1, j kj+ u(t)"*
+ }B(w2 t+w2 sk(i), w3 t+w3sk(i), ..., u(t))
&B \w2 t+w2:2 :j r2, jkj , w3 t+w3:3 :j r3, jkj , ..., u(t)+}
+| f (t+sk(i))& f (t+m(i))|
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L1(&u(t)&) :
j
|:1r1, j&:k rk, j |$1 k$1j
+M( |u(t)| ) w$22 :
j
|:2 r2, j&:k rk, j |$2 k$2j
+M( |u(t)| ) w$33 :
j
|:3 r3, j&:k rk, j |$3 k$3j +...
+L :
j
|:krk, j&mj |$n k$nj
{[L1(c$)(2K2)$1+M(c) :
n&1
l=2, l{k
(2wlK2)$l+LK $n2 = :
i
j=1 \
1
mj+
$(n&1)

L1(c$)(2K2)$1+M(c) n&1l=2, l{k (2wlK2)
$l+LK$n2
1&K &$(n&1)1 \
1
m1+
$(n&1)
=
=|
’
.
Similarly, we can show the estimate for the case $=&1 . Thus we obtain
(4.9) by following the argument in the proof of Theorem 1 with Lemma 2.
Applying Lemma 4 and Theorem A, we can complete the proof. K
The n-tuple of the parameters [w1 , ..., wn] is called ‘‘badly approximable’’
if there exits a constant k(n)>0, which depends on only the n-tuple and
satisfies the following inequality
max
1kn
|lwk&r|>k(n) \1l+
1n
(4.11)
for every positive integers l, r (cf. [19]).
Lemma 5. The badly approximable property (4.11) yields the condition
(4.6).
Proof. Take constants K1>1, C>0 such that C>K1k(n)&n(n+1)
where we note that C>K1>1, since k(n)<1. Then it follows from (4.1)
that for each CN, N=1, 2, ..., we can take a integer mN : 0<mNC
N, which
satisfies
max
k=1, ..., n }wk&
rk, N
mN }<\
1
C N+
1+1n
<\ 1mN+
1+1n
.
(For details, see [19].) On the other hand it follows from (4.11) that we
have
max
1kn }wk&
rk, N
mN }>k(n) \
1
mN+
1+1n
.
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The above inequalities give
k(n)n(n+1) C N<mN<C N.
It follows that
K1mN&1<K1C N&1<mN<C 2CN&2<
C 2
K1
mN&1.
Thus we can estimate K2=C2K1 in (4.6). K
Remark 3. If [w1 , w2 , ..., wn] are any numbers in a real algebraic
number field of degree n+1 such that [1, w1 , w2 , ..., wn] are linearly inde-
pendent over the rationals, then [w1 , w2 , ..., wn] are badly approximable
(cf. [6]).
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